Abstract. Our fundamental result is the construction of new subvarieties in the varieties of power sums for the Scorza quartic of any general pairs of trigonal curves and non-effective theta characteristics. This is a generalization of Mukai's description of smooth prime Fano threefolds of genus twelve as the varieties of power sums for plane quartics. Among other applications, we give an affirmative answer to the conjecture of Dolgachev and Kanev on the existence of the Scorza quartic for any general pairs of curves and non-effective theta characteristics.
1. Introduction 1.1. Varieties of power sums and the Waring problem.
Throughout the paper, we work over C, the complex number field.
The problem of representing a homogeneous form as a sum of powers of linear forms has been studied since the last decades of the 19 th century. This is called the Waring problem for a homogeneous form. We are interested in the study of the global structure of a suitable compactification of the variety parameterizing all such representations of a homogeneous form. To give a precise definition of such a compactification consider a (v + 1)-dimensional vector space V . Let F ∈ S mV be a homogeneous forms of degree m on V , whereV is the dual vector space of V . Let P * V be the projective space parameterizing one-dimensional vector subspaces inV , which is sometime denoted byP v .
Definition 1.1.1. The varieties of power sums of F is the following set with reduced structure:
We call the Waring rank of F the minimum of n such that VSP (F, n) = ∅.
There are other compactifications, for example, the one in the n-th symmetric product of P * V , but for our treatment we need the one in the Hilbert scheme.
As far as we know, the first global descriptions of positive dimensional varieties of power sums for some homogeneous forms were given by S. Mukai.
The most intensively studied cases of varieties of power sums, including Mukai's case, are where F is a general (v + 1)-nary homogeneous form of degree m for some m, v ∈ N, and n is the Waring rank of F , which we denote by n(m, v).
By a standard parameter count, we can easily compute the expected dimension of VSP (F, n) for a general homogeneous form F . Since the dimension of the vector space of (v + 1)-nary homogeneous forms of degree m is Here is the table of the known descriptions of VSP (F, n(m, v)). • W is a fivefold and is the variety of lines in the fivefold linear complete intersection P 10 ∩OG(5, 10) ⊂ P 15 of the ten-dimensional orthogonal Grassmaniann OG(5, 10), • S is a smooth symplectic fourfold obtained as a deformation of the Hilbert square of a polarized K3 surface of genus eight, and • see the introduction of [RS00] or [Dol04] for the references of the results in the 19 th and early 20 th centuries.
As we can see in the table, the study before Mukai's one were devoted only to the cases where dim VSP (F, n(m, v)) = 0 and mostly the cases where F has a unique representation. Recently, using the technique of birational geometry, M. Mella proved in [Mel06] that, if m > v > 1, then the uniqueness holds only in the case where (m, v) = (5, 2).
In [IR01a] , Iliev and Ranestad treat some special (v +1)-nary cubics F and prove that, if v ≥ 8, then the Waring rank of F is less than that of a general cubic.
In [IK99] Iliev and Kanev study varieties of power sums more systematically.
Mukai's contribution.
Let V 22 be a smooth prime Fano threefold of genus twelve, namely, a smooth projective threefold such that −K V22 is ample, the class of −K V22 generates Pic V 22 , and the genus g(V 22 ) := (−KV 22 ) 3 2 + 1 is equal to twelve. V 22 can be embedded into P 13 by the linear system |−K V22 |. Mukai discovered the following remarkable result [Muk92, §6, Theorem 11] (see also [DK93] , [Sch01] , and [Dol04, Theorem 3.12] for some details): To characterize a general V 22 he studied the Hilbert scheme of lines on a general V 22 ⊂ P 13 showing that it is isomorphic to a smooth plane quartic curve H 1 ⊂ P 2 . He thought how to recover V 22 by H 1 . For this, one more data was necessary. Using the incidence relation on H 1 × H 1 defined by intersections of lines on V 22 , he found a non-effective theta characteristic θ on H 1 . As explained in [DK93, §6, 7] , there is a beautiful result of G. Scorza which asserts that, associated to the pair (H 1 , θ), there exists another plane quartic curve {F 4 = 0} in the same ambient plane as H 1 . (By saluting Scorza, {F 4 = 0} is called the Scorza quartic.) Then, finally, Mukai proved that V 22 is recovered as VSP (F 4 , 6). Mukai observed that conics on V 22 are parameterized by the plane H 2 and H 2 is naturally considered as the planeP 2 dual to P 2 . Moreover, he showed, for one representation of F 4 as a power sum of linear forms H 1 , . . . , H 6 , the six points [H 1 ], . . . , [H 6 ] ∈P 2 correspond to six conics through one point of V 22 .
Even if F 4 is taken as a special ternary quartic, VSP (F 4 , 6) may be still a smooth prime Fano threefold of genus twelve. Mukai [Muk92, §7] shows that, if F 4 is the square of a non-degenerate quadratic form, then VSP (F 4 , 6) is so called the Mukai-Umemura threefold discovered in [MU83] as a smooth SO(3, C)-equivariant compactification of SO(3, C)/Icosa. N. Manolache and F.-O. Schreyer [MS01] and F. Melliez and K. Ranestad [MR05] show that, if F 4 is the Klein quartic, then VSP (F 4 , 6) is a smooth compactification of the moduli space of (1, 7)-polarized abelian surfaces.
Geometry of conics and lines and the main result.
Our main result, given in the end of the section 2, is a generalization of Mukai's result Theorem 1.2.1; we describe certain subvarieties of the varieties of power sum of special quartic forms in any number v + 1 of variables. The quartics correspond to the ones of Theorem 1.2.1 if v = 2.
For this we generalize Mukai's study of the geometries of lines and conics on V 22 . We recall Iskovskih's description of the so-called double projection of a V 22 from a general line as follows:
where • f ′ is the blow-up along a general line, • B is the smooth quintic del Pezzo threefold, namely, a smooth projective threefold such that −K B = 2H, where H is the ample generator of Pic B and H 3 = 5, and • f is the blow-up along a smooth rational curve of degree five (with respect to H).
Generalizing this situation we consider a general smooth rational curve of degree d on B, where d is an arbitrary integer greater than or equal to 5. In 2.2, we establish the existence of such a C and we study some of its properties, especially, the relations to lines and conics on B intersecting it. Let f : A → B be the blow up of B along C. In 2.3.2 and 2.4.2, we define lines and conics on A, which are appropriate generalizations of lines and conics on V 22 . We say l is a line on A if l is a reduced connected curve with −K A · l = 1, E C · l = 1 and p a (l) = 0, where E C := f −1 (C) is the exceptional divisor of f : A → B. We say q is a conic on A if q is a reduced connected curve with −K A · q = 2, E C · q = 2 and p a (q) = 0.
We see that lines on A are parameterized by a smooth trigonal canonical curve H 1 of genus d − 2 (Corollary 2.3.1). Conics on A turn out to be parameterized by a smooth surface H 2 . The study of H 2 is quite delicate. For this purpose, we consider the intersection of lines and conics and introduce the divisor D l ⊂ H 2 parameterizing conics which intersect a fixed line l. We show that C has (d−2)(d−3) 2 bisecant lines and using this we can state the apparently simple result:
Theorem 1.3.1 (see Theorem 2.4.18). The surface H 2 which parameterizes conics on A is smooth and it is obtained by the blow-up η : H 2 → S 2 C ≃ P 2 at the points c i where c i is the point of S 2 C corresponding to the intersection of the bisecants β i and C, i = 1, . . . , Moreover, we show that if d ≥ 6, then |D l | is very ample and embeds H 2 iň P d−3 , and if d = 5, |D l | defines a birational morphism H 2 →P 2 . Here we use the dual notation for later convenience. If d ≥ 6, then H 2 is so called the White surface (see [Whi24] and [Gim89] ). It is interesting for us that the classical White surface naturally appears in this set up.
A deeper understanding of the geometry of conics requires the notion of intersection of two conics and, more precisely, the divisor D q ⊂ H 2 parameterizing conics which intersect a fixed conic q. It is easy to see that D q ∼ 2D l .
Now assuming d ≥ 6 we consider H 2 ⊂P d−3 = P * V . By the double projection of B from a general point b, we see that there are n := conics (counted with multiplicities) through b. It is crucial that the number n is equal to the dimension of the quadratic forms onP d−3 . Nevertheless infinitely many conics on A pass through a point on the strict transform of a bi-secant line of C. Hence to have a finiteness result we have to consider the blow-up ρ : A → A along the strict transforms of bi-secant lines of C on B. Then by a careful analysis on mutually intersecting conics on A we construct a morphism Φ : A → Hilb nPd−3 obtained by an attaching process which associates n conics on A to each point a of A; see Definition 2.5.8 for the precise definition of attached conics. To produce the quartic we are looking for, we show that the proper locus {[q] ∈ H 2 | [q] ∈ D q } on H 2 is cut out by a quartic, whose equation is denoted byF 4 . Moreover we show thatF 4 is non-degenerate, this means that the polar map induced byF 4 from S 2V to S 2 V is an isomorphism. Then the required quartic F 4 is the dual quartic toF 4 , namely, the quartic form in S 4V such that its induced polar map from S 2 V to S 2V is the inverse of that ofF 4 .
For the precise statement of our main result, we need the following definition:
and we call it the varieties of power sums of F confined in S.
As far as we know, VSP (F, n; S) is essentially a new object to study. Our main theoretical result is the following: Theorem 1.3.3 (=Theorem 2.5.12). There is an injection Φ : A → Hilb nPd−3 mapping a point a of A to the point representing the n conics on A attached to a. Moreover the image is an irreducible component of VSP (F 4 , n; H 2 ).
In the sequel 1.4, we explain a more significant geometrical meaning of the special quartic F 4 .
Based on Mukai's result we can state the following conjecture: Φ is an embedding and Im Φ = VSP (F 4 , n; H 2 ).
We remark that, for d ≤ 8, the number n is equal to the Waring rank of a general (d − 2)-nary quartic, and especially, the cases where d = 5, 6, 7 cover exceptional cases of Alexander and Hirschowitz.
Even if d = 5, we have a similar result, which is an elaboration on Theorem 1.2.1. The explanation is technical: see 2.5.3.
Applications.
In the section 3, we give some applications of our study of A for a pair of a canonical curve of any genus and a non-effective theta characteristic, a spin curve for short.
Dolgachev and Kanev [DK93, §9] give a modern account of Scorza's beautiful construction of a certain quartic hypersurface, so called the Scorza quartic, associated to every spin curve. It is expected that the Scorza quartic is useful for the study of a spin curve but no deeper properties of the Scorza quartic were unknown. Firstly, its construction is not so explicit. Secondly, Scorza's construction itself depends on three assumptions on spin curves (see [DK93, (9.1) (A1)-(A3)]) and it were unknown whether these conditions are fulfilled for a general spin curve of genus > 3. Thus the existence of the Scorza quartic was conditional except for the genus 3 case, where Scorza himself solved the problem. We give contributions for these two subjects.
In 3.1, using the incidence correspondence on H 1 × H 1 defined by intersections of lines on A, we define a non-effective theta characteristic θ on the trigonal curve H 1 . This is a generalization of Mukai's result explained as in 1.2.
In 3.2, we observe that there is a natural duality between H 1 and H 2 , which induces the natural identification
, where for clarity reasons we denote by P d−3 the projective space dual to the ambient projective spacě P d−3 of H 2 , and by P * H 0 (H 1 , K H1 ) the ambient projective space of the canonical embedding of H 1 .
In 3.3, we recall the definition of the discriminant loci and we compute it explicitly for (H 1 , θ). In 3.4, we recall the precise definition of the Scorza quartic for a spin curve.
By virtue of our explicit computation of the discriminant, we prove in 3.5 that the pair (H 1 , θ) satisfies the conditions [DK93, (9.1) (A1)-(A3)], which guarantee the existence of the Scorza quartic for the pair (H 1 , θ). Then, by a standard deformation theoretic argument, we can then verify that the conditions (A1)-(A3) hold also for a general spin curve, hence we answer affirmatively to the Dolgachev-Kanev Conjecture:
Theorem 1.4.1 (=Theorem 3.5.3). The Scorza quartic exists for a general spin curve.
Moreover we can find explicitly the Scorza quartic for (H 1 , θ). In fact, by definition, the Scorza quartic {F ′ 4 = 0} for (H 1 , θ) lives in P * H 0 (H 1 , K H1 ) but, as we remark above, we can consider {F ′ 4 = 0} ⊂ P d−3 . In 3.6, we prove that the special quartic {F 4 = 0} ⊂ P d−3 in Theorem 1.3.3 coincides with the Scorza quartic {F ′ 4 = 0}. We recommend the readers who are interested only in the subsections 3.1-3.5 to skip the subsection 2.5. Finally, in 3.7, we show that A is recovered from the pair (H 1 , θ). This implies that (H 1 , θ)'s fill up an open subset of the moduli of trigonal spin curves. In particular, H 1 is a general trigonal curve for a general C.
Final remarks.
In this paper, we only consider a general rational curve on B but there are interesting special cases. In the forthcoming paper, applying the method of this paper, we will study the blow-ups of B along special smooth rational curves of degree six and pairs of canonical curves of genus four and even theta characteristics.
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In this section, we study the geometries of the blow-up A of the quintic del Pezzo threefold B along a smooth rational curve of degree d, which is nothing but the special threefold we mention in the abstract. In 2.1 we review the description of lines and conics on B, and 2-ray games originating from B. Based on this, we construct in 2.2 smooth rational curves of degree d, where d is an arbitrary positive integer, having nice intersection properties with respect to lines and conics. The results in 2.2 are delicate but their proof is more or less based on standard parameter count. In 2.3 and 2.4, we study the families of curves on A of degree one or two with respect to the anti-canonical sheaf of A (we call them lines and conics on A respectively). The curve H 1 parameterizing lines on A and the surface H 2 parameterizing conics on A are two of the main characters in this paper. See Corollary 2.3.1 and Theorem 2.4.18 for a quick view of their properties. Finally in 2.5, we prove the main theorem (Theorem 2.5.12). See 2.5.3 for the relationship of our result with Mukai's one we mentioned in the introduction.
Review on geometries of B.
Let V be a vector space with dim C V = 5. The Grassmannian G(2, V ) embeds into P 9 and we denote the image by G ⊂ P 9 . It is well-known that the quintic del Pezzo 3-fold, i.e., the Fano 3-fold B of index 2 and of degree 5 can be realized as B = G ∩ P 6 , where P 6 ⊂ P 9 is transversal to G (see [Fuj81] is isomorphic to P 2 and ϕ is a finite morphism of degree three. In particular the number of lines passing through a point is three counted with multiplicities. We recall some basic facts about π and ϕ which we use in the sequel.
Before that, we fix some notation.
Notation 2.1.1. For an irreducible curve C on B, denote by M (C) the locus ⊂ P 2 of lines intersecting C, namely, M (C) := π(ϕ −1 (C)) with reduced structure. Since ϕ is flat, ϕ −1 (C) is purely one-dimensional. If deg C ≥ 2, then ϕ −1 (C) does not contain a fiber of π, thus M (C) is a curve. See Proposition 2.1.3 for the description of M (C) in case C is a line.
Proposition 2.1.3. It holds:
(1) for the branched locus B ϕ of ϕ : P → B we have:
( By the proof of [FN89a] we see that B is stratified according to the ramification of ϕ : P → B as follows:
where C ϕ is a smooth rational normal sextic and if b ∈ B \ B ϕ exactly three distinct lines pass through it, if b ∈ (B ϕ \ C ϕ ) exactly two distinct lines pass through it, one of them is special, and finally C ϕ is the loci of b ∈ B through which it passes only one line. The identification is given by the map sp :
2.1.3. Two-ray games based on B. We are interested in the geometry of the 3-fold A obtained by blowing-up B along a curve C := C d as constructed in Proposition 2.2.4. To understand this geometry we need to describe some two-ray games originating from B. Proof. These results come from explicit computations and are more or less known. Especially, for (2), refer [Fuj81] , and for (3) (and (2)), refer [MM81] , No. 22 for (3) (No. 26 for (2)). See also [MM85] , p.533 (7.7) for a discussion.
(1) is less known. We have only found the paper [FN89b] , in which they deal with the most difficult case (c). Here we only sketch the construction of the flop in the middle case (b) to intend the reader to get a feeling of birational maps from B.
Let b be a point of B ϕ \ C ϕ . We use the notation of the statement of (1-2). The flop of m ′ is the Atiyah flop. We describe the flop of l
. Hence the flop of l ′ is a special case of Reid's one [Rei83, Part II] . We show that the width is two in Reid's sense. Let T 1 be the normalization of T l . By Proposition 2.1.3 (5), T 1 ≃ F 3 and the inverse image of the singular locus of T l is the union of the negative section C 0 and a fiber r. Let µ : B b → B b be the blow-up along l ′ and F the exceptional divisor. Let T 2 be the strict transform of T l on B b . Then T 2 is the blow-up of T 1 at two points s 1 ∈ C 0 and s 2 ∈ r. Denote by C ′ 0 and r ′ the strict transforms of C 0 and r. We prove that N r ′ / e
The curves C ′ 0 and r ′ are two sections on
, it holds F ≃ F 2 , and T 2|F ∼ 2G 0 +3γ, where G 0 is the negative section of F and γ is a fiber of
It is easy to see that we can flop r
b is the flop of l ′ . By this description of the flop, we can easily obtain (1-2).
As a first application of the above operations, we have the following result, which we often use: Proof. We project B from b 1 as in (2.1). Then the assertion follows by the description of fibers of π 2b1 as in Proposition 2.1.6 (1-3).
Construction of smooth rational curves
We construct smooth rational curves of degree d on B with certain properties.
Proposition 2.2.1. There exists a smooth rational curve To check the form of the normal bundle, simply assume by induction that
It suffices to prove h 0 (N Z/Q (−d)) = 0. In fact, then, by the upper semicontinuous theorem, we have h
The equality h 0 (N Z/Q (−d)) = 0 easily follows from the following three exact sequences, where t :
Finally we prove (d). In case d = 5, we have only to notice that a general hyperplane section of B 5 is a del Pezzo surface of degree 5 which contains a smooth C 5 . For d ≥ 6, the assertion follows by induction.
We denote by H Proof. We can prove the assertions by simple dimension count based upon Proposition 2.2.1. We assume that d ≥ 4 since otherwise we can verify the assertion easily.
(1). Let D be the closure of the set 
.1 (c), it holds that
This implies that dim C π −1
(2). Now let D be the closure of the set 
has only a finite number of bisecant lines.
We now show that the loci where C d has a tangent bisecant is a codimension one loci inside H B d . Let B t be the blow-up of B in a point t ∈ C d and let l be a bi-secant which is tangent to C d at t (if it exists). Let E be the exceptional divisor, and C ′ and l ′ the strict transforms of C and l respectively. By hypothesis there exists a unique point
, where p is a fixed point of P 1 , [π] is a general point, and the degree is measured by −K Bt . In this case h 0 (π
The cases (3), (4) and (5) are similar. Thus we only give few comments for (5). Set D be the closure of the set
For the former half of (5), we have only to prove that dim D ≤ 2d. This can be carried out by a similar dimension count as above. For the latter half of (5), we use the inductive construction of C d besides dimension count. We can omit the proof of (6)-(8) since are definitely similar to those of (1)-(3).
In the following proposition, we describe some more relations between C d and lines on B by using 
has only simple nodes as its singularities, and 
has only simple nodes as its singularities.
Indeed, if β is a bi-secant line of C d−1 , then the assertion follows from (5) for C d−1 by a similar way to the proof of (4)'. Suppose that β is a uni-secant line of C d−1 intersecting l. We have only to prove that there is no secant line of C intersecting both l and β. If there is such a line r, then l, β and r pass through one point. This does not occur for general l and β by Proposition 2.2.2 (5).
Thus, by a deformation theoretic argument, we see that 
Proof. We prove the assertion by induction based on the construction of
Assume that d = 5 and π b|C5 is not birational for a b. Then C b is a line or conic in P 2 . Let S be the pull-back of C b by π 2b . If C b is a line, then C 5 is contained in a singular hyperplane section, which is the strict transform of S on B (recall that B P 2 is the double projection from b). This contradicts Proposition 2.2.1 (d). Assume that C b is a conic.
The only possibility is that
, where C 0 is the negative section of S and l is a fiber of
2 S = 2, we have q + 2p − 2e = 1 and 2p − e = 2. Thus e = 2p − 2 and q = 2p − 3. Since C ′′ b is irreducible, q ≥ 2e, whence 2p − 3 ≥ 2(2p − 2), i.e., p = 0 and q = −3, a contradiction.
Assume that d ≥ 6. Let C → ∆ be the one-parameter smoothing of C d−1 ∪ l such that C is smooth. We consider the trivial family of the double projections 
is not birational at any point of C t } and let ∆ ′ ⊂ ∆ be the image of N by the projection to ∆. N is a closed subset, and so is ∆ ′ since B × ∆ → ∆ is proper. Thus ∆ ′ consists of finitely many points since the origin is not contained in ∆ ′ . For a point t ∈ ∆ sufficiently near the origin, C t C t,b is birational for any b. By induction, we may assume that
is not a line since otherwise C d−1 is contained in a singular hyperplane section as we see above in the case of C 5 , a contradiction. As for l, if b ∈ l, then the image of l is a line or a point on P 2 . If b ∈ l, then the strict transform of l on B b is a flopping curve. Thus C b contains the line corresponding to l. We investigate the other possible irreducible components of the central fiber
the only possibility is that C b,0 contains the image of a flopped curve, which is a line on We restate the proposition in terms of the relation between C d and multi-secant conics of C d on B as follows:
Proof. For a point b ∈ B outside bi-secant lines of C d on B, there exist a finite number of singular multi-secant conics of C d through b since the number of lines through b is finite, and the number of lines intersecting both a line through b and C d is also finite by Proposition 2.2.4 (3). Therefore we have only to consider smooth multi-secant conics q of C d through b. By Proposition 2.1.6 (1-3), the strict transform
twice or more counted with multiplicities, thus by Proposition 2.2.6, the finiteness of such a q follows. We can prove the assertion in case of b ∈ C d similarly, thus we omit the proof.
Remark. We refine this statement in Lemmas 2.4.13 and 2.5.7.
2.3.
Curve H 1 parameterizing marked lines. We fix a general C := C d as in 2.2. Let f : A → B be the blow-up along C. We start the study of the geometry of A. The first step consists of finding the curves, if any, which replace the lines of ordinary geometry. Proof. By Propositions 2.1.3 and 2.2.4 (1), it holds that H 1 is smooth and the ramification for H 1 → C is simple by Proposition 2.2.4 (1). Since B ϕ ∈ | − K B | and d = deg C, we can compute g(H 1 ) by the Hurwitz formula:
, whence C has
Proof. By the inductive construction of C we see that π |H1 :
. Then by 2.2.4 (3) we know the number of nodes of M since g(H 1 ) = d − 2. The latter half follows since a bi-secant line of C corresponds to a node of M . Now we select some lines on B which we use in the sequel. Note that
and the elements of H 1 deserve a name: Definition 2.3.3. The pair of a secant line l of C on B and a point t ∈ C ∩ l is called a marked line.
Let (l, t) be a marked line. If C ∩ l is one point, then {t} = C ∩ l is uniquely determined. For a bi-secant line β i of C, there are two choices of t. Thus H 1 parameterizes marked lines.
Lines on the blow-up
We prove that each marked line corresponds to a curve of anticanonical degree 1 on the blow-up A of B along C. This gives us a suitable notion of line on A. Notation 2.3.4.
(1) Let f : A → B be the blowing up along C and
where i = 1, . . . , s and j = 1, 2.
Definition 2.3.5. We say that a connected curve l ⊂ A is a line on A if
We point out that since Proof of the claim. Let L be the pull-back of the ample generator of Pic B by
is flat and h 0 (l, L |l ) = 2 for a line l on B, E := ̺ * L is a locally free sheaf of rank two. P(E) is nothing but the
whose fiber is the image of a line on A. This implies that P(E) = U as schemes and U is a P 1 -bundle. Remark. For a bi-secant line β i , we have two choices of marking, p i1 or p i2 . We describe which line on A corresponds to (β i , p ij ). Denote by U 1 → H 1 the universal family of the lines on A and consider the following diagram:
Then U 1 → U 1 is the blow-up along (C × H 1 ) ∩ U 1 , which is the union of a section of U 1 → H 1 consisting markings and finite set of points (
. Thus the marked line (β i , p ij ) corresponds to the line l i,3−j .
2.4.
Surface H 2 parameterizing marked conics. Now we define a notion of conic on A. We proceed as in the case of lines, first defining the notion of marked conic.
Construction of H 2 and marked conics.
Definition 2.4.1. The pair of a k-secant conic q on B with k ≥ 2 and a zerodimensional subscheme η ⊂ C of length two contained in q |C is called a marked conic.
From now on, we assume that d ≥ 3. Marked conics are parameterized by
with reduced structure, where H ′ 2 ⊂ P 4 is the locus of multi-secant conics of C on B.
By Corollary 2.1.7 and d = 1, the natural projection of H ′ 2 → S 2 C is one to one outside [β i|C ] and the diagonal of S 2 C, thus by the Zariski main theorem, it is an isomorphism outside [β i|C ] and the diagonal of S 2 C. We denote by e
Since B is the intersection of quadrics, any conic cannot intersect a line twice properly. Thus any conic ⊃ β i|C contains β i . This implies that e ′ i ≃ P 1 , and e ′ i parameterizes marked conics of the form
Over the diagonal of S 2 C, H ′ 2 → S 2 C is finite since for t ∈ C, there exist a finite number of reducible conics with t as a singular point or conics tangent to C at t.
Hence H ′ 2 is the union of the unique two-dimensional component, which dominates S 2 C, and possibly lower dimensional components mapped into the diagonal of S 2 C or e 
and
where i = 1, . . . , s.
By the above consideration, η : H 2 → S 2 C is isomorphic outside [β i|C ] and H 2 → H 2 is the normalization. Thus we see that H 2 parameterizes marked conics outside the inverse image of c i . We need to understand the inverse image by η of the diagonal. Proof. By Proposition 2.1.6 (1-3) and a degeneration argument, q corresponds to the fiber of π 2b through the point t Let L be the pull-back of the ample generator of Pic B by
A 2 is flat and h 0 (q, L |q ) = 3 for a conic q on A (recall that q is reduced), then E := µ * L is a locally free sheaf of rank 3. Letting P 6 = B , P(E) is the P 2 -bundle contained in P 6 × H to marked conics and vice-versa according to the kind of argument we will need. In particular we can speak of the universal family µ : U 2 → H 2 of marked conics meaning U 2 := U Proof. By Proposition 2.4.6, the image of H 2 in the Hilbert scheme parameterizes all the conics, thus the first part follows.
For
We want to investigate further the morphism η :
Notation 2.4.11. For a point b ∈ C, set
To understand better η : H 2 → P 2 we need to find special loci inside H 2 . A natural step is to study the locus of conics which intersect a fixed line.
Let U ′ 1 ⊂ U 2 × H 1 be the pull-back of U 1 via the following diagram:
First we need to know which component of D 1 is divisorial or dominates H 1 . Let ψ : U 2 → A be the morphism obtained via the universal family µ : U 2 → H 2 . Next lemma is necessary to prove the finitess of ψ outside ∪ Proof. The claims for deg C b follows from Propositions 2.1.6 (1-1) and 2.2.6. As for the singularity of C b ∪ l b , the claim follows from simple dimension count. For simplicity, we only prove that for a general point b, C b has only simple nodes. By Proposition 2.2.2, we may assume that any multi-secant conic through b is smooth, bi-secant and intersects C simply. Let q be a smooth bi-secant conic through b. We may assume that N q/B ≃ O P 1 (1) ⊕2 . Let q ′ be the strict transform of q on B 
nodes at the image of q ′ if and only if the two points in E q ′ ∩ C ′′ does not belong to the same ruling with the opposite direction to a fiber of E q ′ → q ′ . Let B q → B be the blow-up along q, E q the exceptional divisor and C the strict transform of C.
It is easy to see that a ruling of E q with the opposite direction to a fiber of E q → q corresponds to that of E q ′ with the opposite direction to a fiber of E q ′ → q ′ . Thus C b has simple nodes at the image of q ′ if and only if the two points in E q ∩ C does not belong to the same ruling with the opposite direction to a fiber of E q → q. We can show that this is the case for a general b by simple dimension count.
From now on, we assume d ≥ 5 throughout the paper since we need Proposition 2.2.6.
We do not have the finiteness of ψ all over A. To obtain a finite morphism, we blow-up A more in 2.5.1. Till now we can prove:
Proposition 2.4.13. ψ is finite of degree n :
and flat outside ∪
Once we prove this, the assertion follows. Indeed, U 2 is Cohen-Macaulay since H 2 is smooth and any fiber of U 2 → H 2 is reduced, thus ψ is flat.
Let
The assertion is equivalent to that only finitely many conics belonging to Remark. Though we do not need it later, we describe the fiber of ψ over a general point a ∈ E C \ ∪ We need to study mutual intersection of a conic and a line in special cases. Let F ⊂ H 2 × H 1 be the image in H 2 × H 1 of the inverse image of ((∪β 
Corollary 2.4.14. Any component of D 1 which is not contained in F dominates H 1 . Moreover, any non-divisorial component of D 1 outside F (if it exists) is a onedimensional component whose generic point parameterizes reducible conics, namely, a one-dimensional component of
Remark. Here we leave the possibility that a one-dimensional component whose generic point parameterizes reducible conics is contained in a divisorial component of D 1 . We, however, prove that this is not the case in Corollary 2.4.19. Hence, finally, the fiber of D 1 → H 1 over a general [l] ∈ H 1 parameterizes conics which properly intersect l.
Proof. By Proposition 2.4.13, U 2 → A is finite and flat outside ∪β 
where α is the strict transform of a line on B intersecting β i and C outside β i ∩ C, or (3) l = l ij and ζ ij ⊂ q and f (q) is a tri-or quadri-secant conic of C such that p ij ∈ f (q).
Thus we have the second assertion. 
simple nodes, equivalently, there exist
bi-secant conics of C intersecting both l 1 and l 2 .
Proof. We show the assertion using the inductive construction of C = C Next suppose that β is a uni-secant line of C d−1 intersecting m outside C d−1 ∩m. Note that, by the projection B P 2 , m is contracted to a point. Moreover, β is a general uni-secant line since so is m. Thus, by Lemma 2.4.16, 
where h is the strict transform of a general line on . On the other hand, D l ∩ e i = ∅ for a general l since D l ∩ e i contains the point corresponding to a marked conic (β i ∪ α, β i|C ), where α is the unique line intersecting β i and l. Moreover, for two general l 1 and l 2 , D l1 ∩ D l2 ∩ e i = ∅. Now the curves e i have negative self intersection then
. Moreover e 2 i = −1 and since e i ∩e j = ∅ we obtain that η : H 2 → P 2 is the blow-up at c 1 , . . . , c s . 
, which we denote by D βi . Note that
It is easy to see that D βi have the following properties:
We only prove (2.7). Since D βi ∩ e i = ∅ would imply that e i is a component of D βi , it suffices to prove that, for a general l, D βi ∩ D l does not contain a point of e i . By Lemma 2.4.17,
points corresponding to bi-secant conics intersecting β i and l except conics containing β i . On the other hand, we have
, thus the conics we count in Lemma 2.4.17 correspond to all the intersection of
By (2.7) and the trivial equality
is surjective. Hence by the exact sequence We show that h
Thus the proof that h 1 (H 2 , O H2 (D l )) = 0 is almost the same as the above one showing (2) and we omit it.
(4) follows from [Gim89, Proposition 1.1].
Remark. In case of d = 5, the morphism defined by |D l | contracts three curves D ei (i = 1, 2, 3), which are nothing but the strict transforms of three lines passing through two of c j . Namely, the composite S 2 C ← H 2 →P 2 is the Cremona transformation.
The following corollary contains the nontrivial result that for a general [l] ∈ H 1 , D l parameterizes conics which properly intersect l. 
2.5. Varieties of power sums for special non-degenerate quartics F 4 .
In Proposition 2.4.13 we have seen that ψ : U 2 → A is finite and flat outside ∪ n i=1 β ′ i . We can modify the morphism ψ : U 2 → A to obtain a finite one. See Proposition 2.5.7, which is the goal of 2.5.1. This and our understanding of the geometry of H 2 give an important morphism whose target is VSP (F 4 , n; H 2 ): see Theorem 2.5.12.
2.5.1. Special blow-up A of A. Similarly to (2.6), we consider the following diagram: We are almost ready to define the modification of ψ : U 2 → A we are looking for. To find the range we consider the blow-up of A along ∪ n i=1 β ′ i and we denote it by ρ : A → A.
Lemma 2.5.1.
Proof. We prove the assertion by using the inductive construction of C 
, and this implies the assertion.
We add the following piece of notation:
3) γ i := a general fiber of the other projection E i → P 1 , (4) E C := the strict transform of E C , and (5) ζ ij := the strict transform of the fiber ζ ij of E C over p ij ∈ C ∩ β i , where i = 1, . . . , s and j = 1, 2.
The domain of the finite morphism is U 2 := U 2 × A A; in other words, U 2 is the blow-up of
. We obtain that the natural morphism U 2 → A is finite after an analysis of the morphism U 2 → A in the neighborhood of some special conics and via the suitable notion of conic on A.
Note that, by Proposition 2.2.4 (5), there are d−4 lines α 1 , . . . , α d−4 distinct from β i and intersecting both C and β i outside C ∩ β i . Set t k := α k ∩ C. Corresponding to α k , there are two marked conics (α k ∪ β i ; p i1 , t k ) and (α k ∪ β i ; p i2 , t k ), which does not belong to e i (by the choice of marking). We denote by ξ ijk the conics on A corresponding to (α k ∪ β i ; p ij , t k ), where i = 1, . . . , s, j = 1, 2, and k = 1, . . . , d − 4. Proof. By the projection from β i , the image q of a general conic q belonging to D βi maps to a bi-secant line of the image C ′ ⊂ Q of C, and α k maps to a point p ijk . Let p ′ ij be the point of C ′ corresponding to p ij . Let F be the exceptional divisor over β i , and F ′ the image of F on Q. We say a ruling of F ′ ≃ P 1 × P 1 is horizontal if it does not come from a fiber of F → β i . If [ξ ijk ] ∈ D βi , then ξ ijk corresponds to a bi-secant line of C ′ , which must be the horizontal ruling of F ′ through p ′ ij and p ijk . By inductive construction of C, we can prove that p ′ ij and p ijk do not lie on a horizontal ruling. Thus we have the claim. Definition 2.5.4. We say that a curve q ⊂ A is a conic on A if (i) q is connected and reduced,
Similarly to the case of conics on A, we know there exists a unique two-dimensional component of the Hilbert scheme of A parameterizing conics on A. Proof. This follows from an explicit calculation as in the proof of Proposition 2.3.6. For the first statement of (2), we use Proposition 2.2.2 (5) and Lemma 2.5.3.
, which is a section of µ over D βi , and
Lemma 2.5.6. Along Γ ijk , U 2 is smooth and Γ is reduced.
Proof. To show that U 2 is smooth near Γ ijk , we have only to see that the conic ξ ijk is strongly smoothable. Note that N β
We check the conditions a) and b) of [ibid.]. The condition a) clearly holds. The condition b) follows from the following two facts: (1) let F be the exceptional divisor of the blow up of B along α k . Note that F ≃ P 1 × P 1 . We say a fiber of F → P 1 in the other direction to F → α k a horizontal fiber. Then the intersection points of the strict transform of C and F , and the strict transform of β i and F do not lie on a common horizontal fiber.
This can be proved by the inductive construction of C = C d in a similar fashion to the proof of Lemma 2.5.1, and (2) let G be the exceptional divisor of the blow up of A along ζ i,3−j . Note that G ≃ F 1 . Then the intersection points of the strict transform of β ′ i and G does not lie on the negative section of G.
This can be easily proved by noting ζ i,3−j is a fiber of E.
Thus, by [HH85, Theorem 4.1], ξ ijk is strongly smoothable. Second, we prove that Γ is reduced along Γ ijk . We have only to prove that U 2 → A is unramified along Γ ijk since then Γ is theétale pull-back of β ′ i near Γ ijk , hence is reduced.
By the inductive construction of C = C d and the following exact sequence:
The next proposition contains the finitess result we need.
Proposition 2.5.7. U 2 is Cohen-Macaulay and the natural morphism ψ : U 2 → A is finite (of degree n :
). In particular, ψ is flat.
Proof. Lemma 2.5.5 shows that U 2 → H 2 is isomorphic to the universal family of conics on A over e i and D βi . Thus U 2 is Cohen-Macaulay over e i and D βi since so are the fibers. Note that U 2 → U 2 is the blow-up along Γ i near Γ i and is an isomorphism near β ′ i × e i . Lemma 2.5.6 shows that U 2 → U 2 is the blow-up along Γ ijk near ξ ijk × [ξ ijk ], and U 2 is smooth over Γ ijk . Thus U 2 is Cohen-Macaulay. To see ψ is finite, we have only to note that the inverse images of β ′ i × e i on U 2 and the exceptional divisor of U 2 → U 2 are not contracted by ψ.
From now on in the section 3, we assume that d ≥ 6 and we consider H 2 ⊂P 
Definition 2.5.8. Let a be a point of A. We say that [ ψ −1 ( a)] ∈ Hilb nPd−3 is the cluster of conics attached to a and denote it by [Z e a ]. A conic q such that [q] ∈ Supp Z e a is called a conic attached to a.
Remark. Though we do not need it later, we describe the fiber of ψ over a general point a ∈ E i for some i for reader's convenience. In other words, we exhibit n conics attached to a.
Set a := ρ( a) ∈ A and b := f (a) ∈ β i . We use notations of Proposition 2.4.13. Since deg C b = d − 2, the number of bi-secant conics through b not belonging to the family e i is given by the number of double points of C b , which is
The number of remaining conics is 3 = n −
. Such conics will belong to e i . By Lemma 2.5.5, U 2 → H 2 is isomorphic to the universal family of conics on A over e i . Thus a desired conic on A is the image of a conic q on A such that a ∈ q and ρ( q) belongs to e i . We show there are three such conics. Let S i be the strict transform on A of the locus of lines intersecting β i . Then it is easy to see that S i|Ei does not contain any fiber γ i of the second projection σ i :
By Proposition 2.5.7 and the universal property of Hilbert schemes, we obtain a naturally defined map Ψ : A → Hilb nPd−3 . This is clearly injective because n conics attached to a point a ∈ A uniquely determines a.
The task is to understand the image of Ψ.
Morphism from A to VSP.
To understand the image of Ψ : A → Hilb nPd−3 we construct explicitly a quartic polynomial which plays the role of the plane quartic in the Mukai's interpretation of V 22 .
Lemma 2.5.9. D 2 does not contain the diagonal of H 2 × H 2 . In particular we have the following: let a be a general point of A and q 1 , q 2 , . . . , q n ∈ H 2 the conics attached to a.
Proof. Here we assume d The proof of the following lemma is almost identical to the one of Theorem 2.4.18; then we omit it:
We proceed to construct the quartic polynomial. By the seesaw theorem, it holds that
which is an embedding since d ≥ 6. Since it is easy to see that
it holds that D 2 is the restriction of a unique (2, 2)-divisor onP d−3 ×P d−3 , which we denote by { D 2 = 0}. Since { D 2 = 0} is also symmetric, we may take the equation D 2 so that it is the bi-homogenization of an equationF 4 of a quartic inP d−3 (cf.
[DK93, §1]). Moreover the fiber of { D 2 = 0} over a point p ∈P d−3 is defined by the polar P p (F 4 ), which we denote by
. We may choose the defining equation H q of the hyperplane of
From now on, we write P d−3 = P * V , where V is the d − 2-dimensional vector space. The crucial point in the following assertions is that the number of the conics attached to a point of A coincides with dim C S 2 V . Let a be a general point of A and q 1 , . . . , q n are the conics attached to a. By the definition of D qi and generality of a, we have the following (we use Lemma 2.5.9):
(2.11) implies D q1 , . . . , D qn are linearly independent. Thus by P H 2 q i (F 4 ) = D qi , it holds that the apolarity map
is an isomorphism. Moreover, H . In particular, it holds
F 4 is called the quartic form dual toF 4 . To see the relation between the set of conics attached to a general point of A and the representation of F 4 as a sum of powers of linear forms we need to find conditions which force n conics to be attached to a ∈ A. Next lemma is sufficient for our purposes.
Lemma 2.5.11. Let q 1 , . . . , q n be n distinct conics such that Proof. By the assumption (1), q 1 , . . . , q n are mutually intersecting multi-secant conics of C. By the assumption (4), it suffices to prove q 1 , . . . , q n pass through one point of B.
Step 1. Let b ∈ B be a point such that five of q i , say, q 1 , . . . , q 5 pass through b. Then all the q i pass through b.
By the double projection from b, q 1 , . . . , q 5 are mapped to points p 1 , . . . , p 5 on P 2 . Suppose by contradiction that a smooth conic q j does not pass through b. Let q ′ j , q ′′ j and q j be the strict transforms of q j on B b , B ′ b and P 2 , and set S := π * 2b q j . By the assumption (3), q j does not intersect a line through b. Thus q j is a smooth conic through p 1 , . . . , p 5 . The conic q j is unique since a conic through five points is unique. It holds that −K B ′ b · q ′′ j = 4 and S · q ′′ j = 4, thus S ≃ F 2 and q ′′ j is the negative section. This implies that q j is also unique. By reordering, we may assume that j = n. We have the configuration such that all the conics pass through b except q n . Denote by p i the image of q i (i = n). Then q n and C b intersect at p i . By d ≥ 6, it holds deg C b ≥ 3, thus q n = C b . By the assumption (4), b ∈ C. Therefore q n and C b intersect at n − 1 singular points of
holds 2(n − 1) ≤ 2d, a contradiction.
Step 2. If four conics q 1 , . . . , q 4 pass through one point b, then all the conics pass through b.
By contradiction and
Step 1, we may assume that all the conics except q 1 , . . . , q 4 do not pass through b. Pick up two any conics, say, q 5 and q 6 , not passing through b. Considering the double projection from b as in Step 1. Denote by q j (j ≥ 5) the image of q j on P 2 . By the assumption (3), q 5 and q 6 do not intersect a line through b, thus q 5 and q 6 are conics on P 2 . Therefore q 5 ∩ q 6 lies on one of q 1 , . . . , q 4 since otherwise q 5 and q 6 would intersect at five points and this is a contradiction as in Step 1. Thus any two conics intersect on q 1 , . . . , q 4 . Let p i be the intersection q i ∩ q 5 for i = 1, . . . , 4. Then q j (j ≥ 5) pass through one of p i . Thus one of p i , say, p 1 , there pass through at least ⌈ (n−5) 4 ⌉ conics. By Step 1, ⌈ (n−5) 4 ⌉ ≤ 2 (already q 1 and q 5 pass through p 1 ). This implies d = 6. We exclude this case in Step 3. Note that if d = 6, then the four conics q 1 , q 2 , q 5 , and q 6 mutually intersect and the all the intersection points are different. By reordering conics, we assume that q i (1 ≤ i ≤ 4) satisfy this property.
Step 3. We complete the proof.
Assume by contradiction that q 1 , . . . , q n do not pass through one point on B. If d ≥ 7, then, by Steps 1 and 2, (2.12) at most three of q i 's pass through any intersection point.
Let m be the number of conics in a maximal tree T of q i 's such that two conics in T pass through any intersection point. Note that T is connected since q i 's mutually intersect. The number of the intersection points of q i 's contained in T is
. By the maximality of T , a conic not belonging to T passes through one of the intersection points of conics in T . By (2.12), no two conics not belonging to T pass through one of the intersection point of conics in T . Hence it holds
. By reordering, we assume that q 1 , . . . , q m belong to T . If d = 6, then we take q 1 , . . . , q 4 as in the last part of
Step 2. Consider the projection B P 3 from q 1 . Then q 2 , . . . , q m are mapped to lines l 2 , . . . , l m intersecting mutually on P 3 and the intersection points are different. Thus l 2 , . . . , l m span a plane, which in turn shows that q 1 , . . . , q m span a hyperplane section H on B. Since C intersects q i at two point or more, C intersects H at 2m points or more by the assumption (4). But 2m ≥ 2(d− 2) > d, C must be contained in H, a contradiction to Proposition 2.2.1 (d).
We think the next theorem to be of theoretical relevance in itself and as a first result to understand varieties of sum of powers confined in a subvariety.
Theorem 2.5.12. Im Φ is an irreducible component of VSP (F 4 , n; H 2 ).
Proof. Set
For a general point a and conics q 1 , . . . , q n attached to a, we have (2.11). Conversely, n conics q i satisfying (2.11) and the assumptions (2)-(4) of Lemma 2.5.11 determine a point of A. Note that the assumptions (2)- (4) ⊥ . Since F 4 is non-degenerate, this is equivalent to (2.13).
We show (2.11) implies (2.14). If (2.11) holds, then D qi (i = 1) generate the space of linear forms passing through [q 1 ], we may write
Finally we show (2.13) implies (2.11). By (2.13), it holds
Since H 2 qj are linearly independent, (2.11) holds.
Definition 2.5.13. We say Im Φ is the main component of VSP (n, F 4 ; H 2 ).
The following lemma characterizes the main component of VSP (n, F 4 ; H 2 ), which will play a crucial role in 3.7:
Lemma 2.5.14. Let (H Proof.
o be a general point and {q i } (i = 1, . . . , n) any set of mutually conjugate n conics including q 1 and q 2 . Since q 1 and q 2 are general, we may assume that all the q i are general. By Lemma 2.5.11 and Theorem 2.5.12, it suffices to prove that q 1 , . . . , q n satisfies the conditions (2)-(4) of Lemma 2.5.11.
(2). Let r 1 and r 2 are mutually intersecting smooth conics on B and r 3 a line pair on B intersecting both r 1 and r 2 . Since the Hilbert scheme of conics on B is 4-dimensional, the pair of r 1 and r 2 depends on 7 parameters. If we fix r 1 and r 2 , then r 3 depends on 1 parameter. Thus the configuration r 1 , r 2 , r 3 depends on 8 parameters. Fix r 1 , r 2 and r 3 . We count the number of parameters of C d such that C d intersects each of r i (i = 1, 2, 3) twice. The number of parameters is
)) + 6 = 2d − 12 + 6 = 2d − 6, where +6 means the sum of the numbers of parameters of two points on r i (i = 1, 2, 3). By 2d − 6 + 8 = 2d + 2, a general C d has 2-dimensional pairs of mutually intersecting bi-secant conics which intersect at least one bi-secant line pair of C d . Thus general pairs of mutually intersecting bi-secant conics of C d , which form a 3-dimensional family, do not intersect a bi-secant line pair of C d .
(3). Assume by contradiction that q i , q j and q k pass through a point b, and q l does not pass through b but intersects a line through b. Then by the double projection from b, q l is mapped to a line through the three singular points of the image of C b corresponding to q i , q j and q k . Thus we have only to prove that for a general point of b on B, three double points of the image of C b do not lie on a line.
Fix a general point b ∈ B. Let r 1 , r 2 , r 3 be three conics on B through b such that by the double projection from b, they are mapped to three colinear points on P 2 . The number of parameters of C d 's intersecting each of r i twice is h
Note that the number of parameters of r 1 , r 2 , r 3 is 5 since that of lines in P 2 is 2, and that of three points on a line is 3. Thus the number of parameters of C d 's such that its image of the double projection from b has three colinear double points is at most 2d − 1. Hence a general C d does not satisfy this property.
(4). Let r 1 and r 2 be a general pair of mutually conjugate conics on A such that r 1 and r 2 are smooth, and r 1 and r 2 intersect at a point on C ∪ ∪ i β i . Such general pairs of conics r 1 and r 2 form a two-dimensional family since dim C ∪ ∪ i β i = 1 and if one point t of C ∪ ∪ i β i is fixed, then such pairs of conics such that t ∈ r 1 ∩ r 2 form a one-dimensional family. For a general pair of r 1 and r 2 , the number of the sets of n mutually conjugate conics including r 1 and r 2 is finite since D r1 and D r2 has no common component. Thus {q i } does not contain such a pair by generality whence {q i } satisfies (4). which fits into the following diagram: B is the famous double projection of V 22 from a general line m first discovered by Iskovskih (see [Isk78] ).
We explain how f ′ and ρ ′ are interpreted in our context. As we remarked after the proof of Theorem 2.4.18, the morphism H 2 →P 2 defined by |D l | contracts three curves D ei which parameterize conics intersecting β ′ i . By noting S is covered by the images of such conics, this corresponds to that the morphism f ′ contracts the strict transform of S.
We can see that any conic on A except one belonging to D ei corresponds to that on V 22 in the usual sense, and the component of Hilbert scheme of V 22 parameterizing conics is naturally isomorphic toP 2 . The three conics on V 22 corresponding to the images of D ei are β Let a ∈ E i . Then six conics on A attached to a are ξ ij1 (j = 1, 2), a conic q a from D ei and three conics from e i (see the remark at the end of 2.5.1). Moreover, if a moves in a fiber γ of the other projection E i → P 1 , then only the conic q a from D ei varies. By the contraction H 2 →P 2 , there is no difference among points on γ. This is the meaning of the contraction ρ ′ of E i in the other direction. Finally we remark that H 1 is also naturally isomorphic to the component of Hilbert scheme of V 22 parameterizing lines.
The existence of the Scorza quartic
In this section we will use the geometries of H 1 and H 2 to give an affirmative answer to the conjecture of Dolgachev and Kanev [DK93, Introduction p. 218] (see Theorem 3.5.3).
3.1. Theta-correspondence on H 1 × H 1 .
In this subsection, we regard H 1 as the component of the Hilbert scheme of A parameterizing lines on A.
We will define a non-effective theta characteristic on H 1 by investigating the following set:
We need a more precise and technical definition of I. First we reconsider the desingularization morphism π |H1 : H 1 → M ⊂ P 2 ; see Corollary 2.3.2.
where λ is the pull-back of a general line and ε i are exceptional curves. By the exact sequence
Thus we have only to prove that there exists no plane curve of degree d − 4 through s nodes of M . We prove this fact by using the inductive construction of C = C d . In case d = 2, the assertion is obvious. From now on in the proof, we put the suffix d to the object depending on d. For example, We denote by δ the g 1 3 on H 1 which defines ϕ |H1 :
Let l be any line on A and
, 2) be the two projections and ∆ the diagonal of 
induces the morphism
by the universal property of the Hilbert scheme. Since . Let Γ ⊂ P g−1 be a canonical curve of genus g and θ ′ a non-effective even theta characteristic on Γ. By the Riemann-Roch theorem, it holds that h 0 (θ ′ + x) = 1 for a point x ∈ Γ. Let I := {(x, y) | y is in the support of the unique member of |θ
We call this the theta-correspondence, which is consistent with Definition 3.1.2. We denote by I(x) the fiber of I → Γ over x and call it the theta-polyhedron attached to x. In other words, I(x) is the unique member of |θ ′ + x| as a divisor. Since the linear hull I(x) − y is a hyperplane of P g−1 , then we can define a morphism π θ ′ : I → |K Γ | =P g−1 as a composition of the embedding I ֒→ Θ Γ and the Gauss map γ : Θ ns Γ →P g−1 , where Θ Γ ⊂ J(Γ) is the theta divisor and Θ ns Γ is the nonsingular locus of Θ Γ . Definition 3.3.1. The image Γ(θ ′ ) of the above morphism π θ ′ : I →P g−1 is called the discriminant locus of (Γ, θ ′ ). Set-theoretically π θ ′ is the map (x, y) → I(x) − y . The hyperplane I(x) − y is called the face of I(x) opposed to y.
From now on in the section 4, we assume that d ≥ 6 for the pair (H 1 , θ) and we consider H 2 ⊂P d−3 . For the pair (H 1 , θ), we can interpret Γ(θ) by the geometry of lines and conics on A as follows: 
where s = 
We can define:
where H is an hyperplane of P g−1 . It is easy to see:
Let S mV the space of m-th symmetric forms on the vector space V . Note that an element of S mV defines a hypersurface of degree m in P * V . Let F ∈ S 2kV be a nondegenerate homogeneous form of degree 2k andF ∈ S 2k V the dual homogeneous 
where , is the polarity pairing. Let ∆ := CP(F ) ∩ (the diagonal of P * V × P * V ).
Since the diagonal of P * V × P * V is isomorphic to P * V then ∆ ≃ {F = 0}. Set D ′ H := P H k (F ) for a hyperplane H ⊂ P * V . Then we can write: (A1) The number of theta-polyhedrons having a general face in common is two. Equivalently, the degree of the map I → Γ(θ ′ ) is two, (A2) Γ(θ ′ ) is not contained in a quadric, and (A3) I is reduced.
By [DK93, Theorem 9.3.1], these three conditions are sufficient for the existence of the Scorza quartic for the pair (Γ, θ ′ ). First we show that for our trigonal curve H 1 and the even theta characteristic θ defined by intersecting lines the above conditions hold. By a moduli argument we prove the conjecture for a general pair (Γ, θ ′ ). Proof. Let M be the moduli space of couples (Γ, θ ′ ), where Γ is a curve of genus g and θ ′ is a theta characteristic such that h 0 (Γ, θ ′ ) = 0. Classically, M is known to be irreducible (see [Cor] ). Let U be a suitable finite cover of an open neighborhood of a couple (H 1 , θ) such that there exists the family G → U of pairs of canonical curves and non-effective theta characteristics. Denote by (Γ u , θ u ) the fiber of G → U over u ∈ U . By Lemma 3.5.1, (H 1 , θ) satisfies (A1)-(A3). Since the conditions (A1) and (A3) are open conditions, these are true on U . Thus we have only to prove that the condition (A2) is still true on U . Let J → U be the family of Jacobians and Θ → U the corresponding family of theta divisors. By [DK93, p.279-282], the family I of theta-correspondences embeds into Θ, and by the family of Gauss maps Θ →P g−1 × U , we can construct the family G → U whose fiber G u ⊂P g−1 is the discriminant Γ(θ u ). By Corollary 3.5.2, it holds Γ(θ) ′ ≃ Γ(θ) for (H 1 , θ). Thus we have also Γ(θ u ) ′ ≃ Γ(θ u ) for u ∈ U . By [DK93, Corollary 7.1.7], we see that p a (Γ(θ u )) and deg Γ(θ u ) are constant for u ∈ U . Thus G → U is a flat family since the Hilbert polynomials are constant. Since no quadric contains Γ(θ) for (H 1 , θ), neither does Γ(θ u ) for u ∈ U by the upper semi-continuity theorem.
Remark. Let (Γ, θ ′ ) be a general pair of a canonical curve Γ and a non-effective theta characteristic θ ′ . In the proof of Theorem 3.5.3, we prove that Γ(θ ′ ) ′ ≃ Γ(θ ′ ).
3.6. F 4 is the Scorza quartic for (H 1 , θ). Note that, for As in Mukai's case we can reconstruct the threefold A, that is the couple (B, C), via the curve H 1 and a non-effective theta characteristic θ on it.
Proposition 3.7.1. A is recovered from (H 1 , θ).
Proof. From (H 1 , θ) , we can define Γ(θ) as in Definition 3.3.1 and F 4 by Proposition 3.6.1. By Theorem 2.4.18 and Proposition 3.3.3, H 2 is recovered from Γ(θ) as the intersection of cubics containing Γ(θ). By Theorem 2.5.12 and Lemma 2.5.14, A is recovered from F 4 and H 2 .
For the next result, we denote A by A d . Recall that we denote by H Proof. The first assertion follows from Proposition 3.7.1.
Since dim H (G(a, b)) is irreducible, where G(a, b) is the Grassmannian parameterizing a-dimensional sub-vector spaces in a fixed bdimensional vector space. The claim is that C 0 d (P 6 ∩ G(2, 5)) is irreducible, where P 6 ⊂ P 9 is transversal to G(2, 5). The claim is true for d = 1 since H B 1 ≃ P 2 . Let B be the irreducible family of del Pezzo 3-folds B = G(2, 5) ∩ P 6 , where P 6 ⊂ P 9 is transversal to G(2, 5). Let 
